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Generalized aliasing explains double descent and informs model design
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A central problem in data science is to use potentially noisy samples of an unknown function to predict
function values for unseen inputs. In classical statistics, the predictive error is understood as a trade-off between
the bias and the variance that balances model simplicity with its ability to fit complex functions. However,
overparametrized models exhibit counterintuitive behaviors, such as “double descent” in which models of
increasing complexity exhibit decreasing generalization error. Other models may exhibit more complicated
patterns of predictive error with multiple peaks and valleys. Neither double descent nor multiple descent
phenomena are well explained by the bias-variance decomposition. We introduce a decomposition that we call
the generalized aliasing decomposition (GAD) to explain the relationship between predictive performance and
model complexity. The GAD decomposes the predictive error into three parts: (1) model insufficiency, which
dominates when the number of parameters is much smaller than the number of data points, (2) data insufficiency,
which dominates when the number of parameters is much greater than the number of data points, and (3)
generalized aliasing, which dominates between these two extremes. We demonstrate the applicability of the
GAD to diverse applications, including random feature models from machine learning, Fourier transforms from
signal processing, solution methods for differential equations, and predictive formation enthalpy in materials
discovery. Because key components of the generalized aliasing decomposition can be explicitly calculated from
the relationship between model class and samples without seeing any data labels, it can answer questions
related to experimental design and model selection before collecting data or performing experiments. We
further demonstrate this approach on several examples and discuss implications for predictive modeling and

data science.
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I. INTRODUCTION

Predictive models allow scientists and engineers to extend
data and anticipate outcomes for unseen cases. A key issue for
these models is the problem of how to understand and min-
imize the generalization error. Traditionally, scientists think
about generalization error in terms of a trade-off between
bias and variance, but that trade-off does not readily predict
the error curves for many models, especially models with
more parameters than data points and models involving highly
structured scientific and engineering data. In this work, we
introduce a decomposition, the generalized aliasing decom-
position (GAD), that explains a wide variety of error curves
in predictive models for both small (classical) models and for
large, overparametrized models. This decomposition explains
complex generalization curves, including double and multiple
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descent, and can be used to inform the choice of model and
experimental design (training points) to control, reduce, or
even minimize generalization error.

Some of the fundamental choices when model building
are (1) the sample data and (2) the complexity of the model
class. Simple models are generally preferred for many rea-
sons, including interpretability and computational expense
[1-7], but one of the more pragmatic justifications for par-
simony is a desire to balance overfitting and underfitting as
understood through the bias-variance decomposition. Mod-
els with few parameters avoid making wild predictions but
underfit the observed data without much fidelity (high bias),
while overparametrized models fit the sampled data well with
wild swings in between data points (high variance). The un-
questioned goal has been to find the “sweet spot” of model
complexity that balances bias and variance, i.e., a faithful
model of moderate complexity (see Fig. 1, left panel) that
minimizes the so-called “risk,” that is, errors made by model
predictions on unseen data.

While the foregoing story has long been the standard
way to approach these problems, we now know this view
of the fitting problem is not the whole story. For extremely
overparametrized models (i.e., more parameters than sam-
ples), prediction errors may actually decrease with additional
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FIG. 1. Limitations of the Bias-Variance Trade-off. Left: Bias and variance are traditionally understood as monotonically decreas-
ing/increasing contributions to risk to be balanced by tuning model complexity. Double descent illustrates a breakdown of this intuition beyond
the interpolation threshold where variance and bias can exhibit counterintuitive dependence on model class. Right: Highly structured data such
as a cluster expansion of alloy formation enthalpy exhibit even more complicated and counterintuitive dependence on model complexity, not

easily explained using the bias-variance trade-off.

parameters, a phenomenon often called “double descent” [8],
summarized by the left panel in Fig. 1. The boundary between
the two regimes, where there are as many parameters as data
points, is known as the interpolation threshold, because it
is (generically) the boundary of where the model can per-
fectly interpolate the training data, but below that threshold
interpolation cannot occur. Nonconvex risk curves (such as
with double and multiple descent) are most famously rec-
ognized in neural networks [9,10], though this behavior has
been observed in other settings as well. (See Ref. [11] for
the bias-variance decomposition for neural networks, Ref.
[12] for ordinary least-squares regression, and Ref. [13] for
a thorough review.) Furthermore, models and datasets can be
designed to exhibit complex, multiple descent [14-21].

Models of highly structured data from scientific and en-
gineering applications often exhibit similar multiple descent
behavior. For example, the risk curve in the right panel of
Fig. 1 comes from a cluster expansion model of the formation
enthalpy of alloy structures (see Sec. III D for more details) in
materials science. Not only do the peaks and troughs appear
to the left of the interpolation threshold where classical bias-
variance arguments ought to apply, the naive interpolation
threshold apparently plays no role.

Traditional data analysis techniques are also at odds with
the intuition of the bias-variance decomposition. The discrete
Fourier transform, for example, is formally equivalent to a
regression problem (see Sec. IIIB) with as many parame-
ters (Fourier coefficients) as data, so bias-variance arguments
suggest that the inferred Fourier coefficients should exhibit
unreasonable sensitivity to noisy data. In spite of this, the
fast Fourier transform that efficiently computes the discrete
Fourier transform precisely at the interpolation threshold is
one of the most influential and widely used algorithms in all
of science and engineering (even for noisy signals that are not
bandlimited). Furthermore, techniques such as pseudospectral
and collocation methods for solving differential equations are
similarly equivalent to regression problems (see Sec. I1I C) but
are known to exhibit optimal performance at or beyond the
interpolation threshold [22].

While the bias-variance decomposition holds as a for-
mal mathematical result, these examples expose the limited
insight it provides. Its utility derives from the incorrect
expectation that model selection balances the trade-off be-
tween monotonically decreasing (bias) and monotonically
increasing (variance) error contributions. In reality, the con-
tributions of bias and variance for each of the preceding
examples are nonmonotonic, complex, and intimately con-
nected with the algorithmic solution to the optimization
problem.

Recent work has begun to explain these behaviors, often
focusing on regression and the simplest case of double de-
scent, although risk curves may be far more complicated [14].
In Refs. [17,20], the bias-variance decomposition is expanded
to explain this nonconvex behavior, relying on the interplay
between the model design and the actual data. Several other
efforts have been made to clarify the relationship between
the model class, inherent algorithmic bias, the split between
testing and training data, and the appearance of nonmonotonic
loss and generalization curves. We do not present a compre-
hensive summary of these efforts, but direct the interested
reader to Refs. [15,16,21,23], which clarify the nature of
double descent and its apparent reliance on the structure of
the testing and training datasets.

In contrast to these approaches, we build on insights
from signal processing [10] and introduce a decomposition
[Eq. (17)], which we refer to as the GAD, summarized for the
generic case of double descent in the left panel of Fig. 2. The
aliasing decomposition explains generic risk curves in both
the classical and modern regimes as the contribution of three
terms: (1) model insufficiency, (2) data insufficiency, and (3)
generalized aliasing.

Model insufficiency quantifies the inability of the model
to fit the data (red curve in the left panel of Fig. 2). It is
usually the dominant error contribution for models with few
parameters, and it decreases monotonically with the number
of parameters. Though the mapping is not exact, it roughly
corresponds to “bias” in the bias-variance paradigm. Adding
more parameters to a model does not limit the ability of the
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FIG. 2. Generalized Aliasing Decomposition. Left: The GAD expresses risk as the contribution of three terms: model insufficiency, data
insufficiency, and generalized aliasing. Model insufficiency dominates for small models and decreases monotonically with the number of
parameters. Data insufficiency dominates for large models, increasing monotonically with the number of parameters. Generalized Aliasing
accounts for nonconvex intermediate behaviors but has a single peak at the interpolation threshold for the generic case, accounting for the
phenomenon of Double Descent. Right: For highly structured problems (see Fig. 1, right), aliasing explains all of the nonconvex behavior of

generic risk curves at intermediate model sizes.

model to fit data, so it decreases monotonically as we prove in
Sec. IIC2.

Data insufficiency quantifies how much model parameters
are unconstrained by available data (green curve in the left
panel of Fig. 2). It is the dominant error contribution for mod-
els with many excess parameters, increasing monotonically as
the model grows. Intuitively, adding more parameters does not
introduce any additional parametric constraints, and we show
this contribution does not increase with additional parame-
ters. However, adding parameters generically also imposes
additional data requirements, so data insufficiency generally
increases with the number of parameters (see Sec. IIC 1).

Finally, generalized aliasing explains all nonmonotonic
behavior in the intermediate regime (blue curve in the left
panel of Fig. 2). The name derives from the special case of
Fourier aliasing. When high-frequency (noisy) components
of a signal cannot be distinguished from low-frequency com-
ponents at finite sampling rates, high-frequency (unmodeled)
contributions are said to alias with the low-frequency (mod-
eled) components, corrupting the representation.

In the generic case, aliasing errors are maximized at the
interpolation threshold and cause double descent (Fig. 2, left).
In structured cases such as the cluster expansion example of
Sec. III D, aliasing also fully accounts for the complicated,
nonmonotonic behavior throughout both the classical and
modern regimes (Fig. 2, right).

As we demonstrate below, the GAD provides the intuition
behind best practices for other analysis techniques, such as
pseudospectral approaches to solving differential equations.
Although the contribution of generalized aliasing is nonmono-
tonic in the number of parameters, we show its behavior is
easily intuited. In Sec. III D, we use this fact to explain the
complicated risk curve in the right panel of Fig. 1.

Taken collectively, the three components of the GAD ex-
plain all the qualitative features of generic risk curves. The
GAD further clarifies the roles of model structure, data sam-
pling, data labels, and the learning algorithm. Indeed, a useful
feature of the decomposition is that much of the analysis
can be done independently of data labels. Consequently, the

GAD facilitates key modeling decisions such as the choice of
model class, experimental design, regularization, and learning
algorithm.

II. THE GENERALIZED ALIASING DECOMPOSITION

In this section, we give the details of the GAD and its math-
ematical justification. We begin with establishing notation to
describe the regression problem, define the decomposition,
and then describe how the decomposition influences the error
or risk of the fitting problem. Several explicit examples and
applications are given in Sec. III.

Readers wishing to focus on the examples and discussion
should first read Secs. I A and II B where the GAD is defined,
but can safely skip over Secs. IIC 3—I1C5 and all but the first
paragraph of Sec. II C 1.

A. Mathematical preliminaries

In regression, data y are given at samples of an independent
variable ¢ and usually decomposed as the sum of an unknown
signal fp(t) parametrized by # and noise &:

yi = Jo(ti) + &, ey

where the subscript i refers to a particular data sample. In stan-
dard statistical practice, one next chooses a functional form
for the model fy(¢) and an ansatz for the distribution of the
noise &;. In regression, by far the most common assumption
is that the noise terms are Gaussian distributed that leads to a
least-squares regression. For linear regression, the signal is a
linear combination of basis functions f(t) = > ;®(@)8;, so
that the fundamental regression equation (1) becomes

y=M0+E&, 2)

where the design matrix M is composed of samples of basis
functions, M;; = ®;(#;).

As an illustration, consider a polynomial fit on an interval
[a, b], and take the basis functions to be the usual monomial
basis {1,7,%,¢3,...,t%} for some d > 0 [24], s0 ®; =1/71,
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and the design matrix M is

1 n 2 td
1 n 2 ...t

M= : 3
1t 2 ...

Inferred parameter values @ are found by inverting
the design matrix. Since M is generally not square, an
appropriate pseudoinverse M is used: b= My. The Moore-
Penrose pseudoinverse is the standard choice, corresponding
to the least-squares loss, for linear regression [25], includ-
ing in this motivating example. Other cases may require
an algorithmic solution, but common algorithmic choices,
such as stochastic gradient descent, are known to produce
similar norm-minimizing solutions (see Refs. [20,26,27], for
example).

Finally, predictions at unobserved values of the indepen-
dent variable are constructed:

He) =Y 0;(1)8;. )
J

An important quantity of interest for validation is the squared
error, averaged over a (typically theoretical) distribution of all
of the data, not just the training samples. The expectation of
the squared error is called generalization error or population
risk:

Re(®) = E[(y — §)*], Q)

where the dependence of Ry on the model class and training
data is implicit. A primary goal in data science is to identify
the model class and degree of complexity that minimizes this
risk (5).

B. Generalized aliasing

With a common vocabulary established, we now derive
the aliasing operator that underpins the GAD. We no longer
require that the data points ¢ lie in R; they could belong to
any set 2. However, we assume that the model functions &; :
Q2 — R may be extended to form a complete set, meaning
that the true function y(z) (both signal f and noise &) can be
uniquely expressed as a convergent series,

Yty =y (1), 6)
j

on the entire domain, not just on the training points. For the
example of polynomial regression, if y(¢) is a real analytic
function, then the infinite monomial basis {1,7,¢%,...} is
complete and an appropriate extension for this example. Said
more formally, the noisy signal y(¢) is an abstract vector y in
a (potentially infinite-dimensional) vector space D expressed
in some Schauder basis {®,} jen as

y =Mo, (N

where M is a bounded linear transformation mapping the
vector @ in the parameter space © to y in the data space D.
In the case of fitting a polynomial on an interval [a, b], the

operator M could be thought of as a generalized Vandermonde
matrix with countably (infinite) many rows corresponding to
rational points of [a, b] and countably (infinite) many columns
corresponding to ¢/ for each non-negative integer j [28].

Performing linear regression on samples of y(#) and mak-
ing predictions at unobserved values of ¢ corresponds to
partitioning data space D into a direct sum 7 @ P of training
T and prediction P subspaces. We write y in this decomposi-
tion as y = (y+,yp). We assume that 7 has finite dimension
n, but P need not be finite dimensional. The learning problem
is this: Given observations in y;, predict the components of
yp-

In practice, this is done by similarly partitioning the rep-
resentation space ® = M @ U into a modeled M and an
unmodeled U/ subspace so that § = (0o, 6;), implicitly as-
suming that 6, are negligible. We usually assume that M
has finite dimension m (we have m = d + 1 for polynomials
of degree at most d), but U/ need not be finite dimensional.
With these partitions, the relationship of Eq. (7) between data
and coordinates takes the block representation described in the
definition below.

Definition. Denote the decomposition of the labeled data

as
o
Jp
where the linear transformation My : R — R” is the
usual design matrix.

By explicitly recognizing the unmodeled blocks in the defi-
nition, we emphasize that some contributions to the signal y(z)
will remain unknown to us (noise, for example). Essentially,
we acknowledge that our model is a subspace of a universal
function space THAT will in turn allow us to reason about the
relationship between the modeled and the unmodeled spaces.
The significance of this decomposition, as opposed to simply
treating unmodeled signal as noise, is discussed further in
Sec. IV C. We emphasize that with this definition M does not
denote the classical design matrix. Rather, the block M, is
the classical design matrix, and M represents a full basis trans-
formation (with both modeled and unmodeled basis functions)
on the complete signal (including both seen and unseen data).
Because M is bounded and linear, the subblocks My, Mp a4,
and Mpy, are also bounded linear transformations.

In the case of fitting a polynomial of degree at most d
on n training points 7y, ...t,, the design matrix (upper left
block) M, is the Vandermonde matrix in Eq. (3) and the
unmodeled training (upper right) block is the semi-infinite
matrix:

®

M7am Mru /9,4
Mpye Mpy |\ g, )’

d+1  d42
1 1

d+1  d42
L 2

M7y =
d+1  ,d+2
tn tl‘l
The rows of the lower blocks Mp ¢ and Mpy, correspond to

the prediction points, tp = [a, b] \ {#1, ..., t,} (again, a count-
able dense subset of points in [a, b] \ {#1, ..., 1,} suffices).
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The columns of the lower left block Mpa, correspond to
the monomials 1,1, 2, ...,¢¢ (spanning the space M) eval-
uated at the points #p. The columns of the lower right block
My, correspond to the unmodeled monomials r4+1, r4+2,
(spanning U{), evaluated at points tp.

We learn the modeled parameters 004 using some pseu-
doinverse M}L- ¢ Of the design matrix My p:

bt = M- 37 ©

Inferring only O is equivalent to assuming that the unmod-
eled parameters vanish, so 9u =0andf = (9 M, 0). However,
the true representation of the training data y+ includes contri-
butions from both the modeled and unmodeled components of
0:

Y7 =M7rpmOpr + M7y (10)

The unmodeled term My,0;, corresponds to the noise in
Eq. (1). Rather than assuming a particular distribution for the
noise as one does in standard statistical practice, we leave
the unmodeled term arbitrary and study the sensitivity of
inference to the presence of unmodeled noise. The inferred
parameters 0 0 are distorted by the unmodeled term, which,
in our extended representation, takes the form

O = My M7a000 + (MF M7y (1D

For conceptual clarity, we write this as
- b\ (M M7y M7 Mry .
0 0 0

BAo 12
~\o o/ (12

where we have defined

A= M;F’MMTZ/{ and B = M;MMTMv (13)

and 6 is the vector of parameters that represents the complete
signal precisely.

We call A the generalized aliasing operator. It quantifies
how the effects of the unmodeled parameters 6;, are redirected
(aliased) into the modeled parameters. Note that A depends
not only on the partition between modeled parameters and
unmodeled modes, but also on the partition between training
points and prediction points and the choice of pseudoinverse
or the choice of learning algorithm, more generally.

In the familiar example of Fourier series, the concept of
aliasing refers to the distortion of a low-frequency signal
by high-frequency modes. Expressed in the form we have
described, Fourier aliasing is found from A = M}L- MMTU,
expressed in the Fourier basis for uniform samples (see
Sec. III B for an example of aliasing in Fourier series), where
it can be expressed in closed form. Generalizing beyond the
specific concept of frequency, A quantifies how unmodeled
components affect the signal at the sampled points, leading to
a misrepresentation of the inferred modeled parameters that
we call generalized aliasing.

Using 0 = (0.4, 0), we reconstruct the inferred signal over
both training and prediction points:

§=Mb=MME, vy, =M®BOr +Al). (14

FIG. 3. Geometry of the GAD. The three terms of the GAD
decompose the error E40 = 6 — 0 in the inferred parameters into
three orthogonal components. Working backward from the true pa-
rameters 0 to the inferred parameters & (subtracting off), the model
insufficiency I;,6,, projects the full 6 into the modeled subspace (two
dimensional in this figure, corresponding to the axes M, and M5).
The aliasing A6, perturbs in the range R(M- ) of M*- , . Finally,
the data insufficiency Pxr8), chooses the minimal norm solution by
shifting through the kernel N'(My ) of M p4.

Comparing y with the true y, the GAD decomposes the popu-
lation risk of Eq. (5) into an intuitive partition. Assuming that
the points ¢ are drawn from a uniform distribution on €2, the
risk is

Ro®) = E () = (1)1 = Y _(y(t) —§(1))*

= lly - 3II (15)
2
(I —B —A
- HM( 0 Iu)a , (16)
where the norm || - || is the two-norm || - ||, and I and I,

are the identity operators on M and U, respectively. This
motivates the definition of the parameter error operator

_(Py —A
E0 - ( 0 IZ/{ )7 (17)
where we define
Py =1, —B.

We have used the subscript # on Egy to indicate that Egf =
0—6 represents errors in the inferred parameters, whereas the
errors in the signal are y — y = MEyf. The notation P =
In¢ — B is motivated by the fact that it is the orthogonal
projection onto the kernel A" of My (see Proposition 1,
below).

We call the block decomposition in Eq. (17) the gener-
alized aliasing decomposition, or GAD, for short. We call
the three nonzero blocks of Eg data insufficiency P, model
insufficiency Iy, and generalized aliasing —A. The effect on
the signal of these operators acting on the parameters 6 is
depicted in the left panel of Fig. 2. These terms also have a
geometric interpretation in the parameter space illustrated in
Fig. 3. We now analyze each of these contributions to the error
in turn.
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C. Error analysis

For a given partition of the parameter space between mod-
eled and unmodeled subspaces ® = M @ U, the predictions
# and the risk Rg(3)) = || — y||> depend on the choice T =
{t;,...,t,} of the training points. The expected value of the
risk (taken over the distribution of T') is often decomposed
into a sum of a bias term and a variance term; see, for ex-
ample, Refs. [29], Sec. 20.1]. In many settings, however, it
is more natural to analyze the risk ||y — §||> and its expected
value E7{|ly — $||*] directly through the GAD.

In this section, we are primarily interested in estimating
the risk for a particular decomposition. Observe that the risk
is bounded by the (square of the) product of three norms:

Ro(3) = IMEg8|> < [M]*||Eq|I*[|0]>.

The norm used on the linear transformations M and Ey is the
induced norm, defined as

|IM|| = max |[Mv| and |E| = max |Ev]|.
Ivil=1 [Iv]|=1

In the finite-dimensional case (where the transformations are
represented by matrices), it is well known that when the
norm on both the domain and range of a matrix is the usual
(two-)norm, then the induced norm of a matrix is its largest
singular value. In this case, the induced norm is often called
the spectral norm.

We assume that the transformation M has a bounded norm
and note that its norm is independent of the choice of model
M and of the choice T of training points. The risk cer-
tainly depends on @ and its norm, particularly in the two
extremes of low and high model complexity (left and right
ends, respectively, of the plots shown here). In the interme-
diate regime, however, the risk is generally dominated by the
aliasing component of the GAD that is mostly independent of
the @ themselves.

Since we are particularly interested in how these contri-
butions depend on the number of model parameters, consider
the situation where the columns of M are fixed, and a given
decomposition ® = M @ U of parameter space is changed
by moving one basis element ¢ out of the space U/ and into
the space M. This corresponds to moving the corresponding
column ¢ out of the matrix My, and into the design matrix
M. Fixing the order of the columns of M, and letting m
denote the dimension of the modeled space M, we introduce
the notation My (m) and My, (m) to make explicit the
dependence of the block operators on the dimension m. That
is, M aq(m) denotes the design matrix in the case that the
first m columns of M are assigned to M and the remaining
columns are assigned to M,. With this convention, we now
analyze each of the elements of the GAD in turn.

1. Data insufficiency Pns

Data insufficiency refers to the upper left block Pxr of
Eq. (17) and its effect on the parameters . In the case that
M} A 18 the Moore-Penrose pseudoinverse of My, the
operator P, is the orthogonal projection of M onto the null
space N' C M of My 4, as the following proposition shows.

Proposition 1. If MJ} v is the Moore-Penrose pseu-
doinverse of My, then the data insufficiency operator

P, = I, — Bis the orthogonal projection of M to the kernel
N of MTM .
Proof. Let

M [U|U]21 ol{v'
TM =R vy

be the full Singular Value Decomposition (SVD) of M,
where M4 has rank r, the matrix X; is invertible of shape
r x r,and V = [V{|V;] is an orthogonal matrix:

ViV + WV =vvT =1y,

with V| having r columns and the columns of V, spanning
the kernel A/ of My . The Moore-Penrose pseudoinverse of
M, can be written as MJ; wm =V El’lU]T , which gives

Iy —B=VVT —M§, Mruy
=WV +wh —viziie vt
=WV,.

However, since the columns of V5 span the kernel A of My p4,
the matrix VZVZT is exactly the orthogonal projection of M
onto NV. [ |

The induced norm of any projection operator is always
either 0, if it is the zero operator, or 1 otherwise, which yields
the following corollary.

Corollary 1. The induced norm ||[Px/|| of the operator P s
is bounded above by 1 and is always equal to 1 except when
M, is injective (full column rank), in which case Pyr = 0
is the zero operator.

The corollary shows that when there are enough training
data so that My, is of full column rank, then the norm of
the data insufficiency operator P,s is zero. Generically, this
happens when there are more data points (rows) than basis
functions (columns) in M4, as depicted in the left panel of
Fig. 2.

Let N(m) denote the null space of My (m). Since
N(@m) CN(m+1), it follows that the error contribution
[IPAr@ o¢|| from data insufficiency is a nondecreasing function
of m. This is depicted on the bottom right of the left panel of
Fig. 2.

2. Model insufficiency Iy,

Model insufficiency refers to the lower right block I;; of
Eq. (17). It is the most straightforward of the three parts of the
GAD to analyze, as it is simply the identity operator on the
unmodeled parameters I/. Except in the trivial and uninterest-
ing case that dim({/) = 0, its operator norm is always 1. The
contribution to the parameter error from model insufficiency
is simply the square ||6;,|*> of the norm of the nescient param-
eters. It follows that model insufficiency is a nonincreasing
function of m since it decreases by exactly |6,,41|> as the
coordinate 6,4 is removed from the unmodeled space I/ and
adjoined to the modeled space M.

Model insufficiency dominates when the dimension m of
the model M is small, reflecting the fact that most of the
signal is unknown and the model lacks the capacity to capture
the signal faithfully (see the bottom left part of the left panel
of Fig. 2).
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3. Generalized aliasing A: Overview

Finally, we consider contributions from the generalized
aliasing operator A. This is the most complicated contribution
and is the source of nontrivial generalization curves such
as double or multiple descent, or multiple risk peaks from
structured data. This term tends to dominate the risk in the
intermediate regime of most models. Importantly, in many
cases the effects of A can be analyzed without knowing 6 or
the labels y.

Recall from Eq. (13) that the aliasing operator is the
product of the pseudoinverse design matrix MJ; ¢ and the
transformation My,. Increasing the number of model pa-
rameters by moving one column ¢ out of My, and into
the design matrix never increases the norm ||My,||, but its
effect on ||Mi} |l is determined primarily by whether ¢ is
linearly independent of the other columns of M4 or not, as
described in the following theorem (proved in Sec. II C4).

Theorem 1. When changing the model by moving one col-
umn ¢ out of My, and into the design matrix, the norm
[IM7|| never increases and

€))] ||M;C |l cannot decrease if ¢ is linearly independent
of the other columns of M4,

2 ||MJ; |l cannot increase if ¢ is linearly dependent
upon the other columns of M.

Moreover, as the model dimension m increases to oo, the
norm ||Mi} |l shrinks to 0, almost surely.

Although it can be arranged so that ||M} |l Temains con-
stant when moving one column ¢ from My, to My a4, in
most cases we see a significant increase in ||M47'- |l Whenever
¢ is independent from the previous columns of My and
a significant decrease in ||Mf} |l whenever ¢ is dependent
upon the previous columns of M.

Theorem 1 fully explains the sharp peaks in generaliza-
tion curves described as double and multiple descent, and it
is relevant to other nonmonotonic features in both the un-
derparametrized and overparametrized regimes, as we now
describe.

For a generic M, the columns are typically arranged so
that for m < n each column ¢, is independent of the
previous columns of My a(m) and each column of My,
does not have a large impact on the norm of My,. Hence,
as m increases the norm ||M;C m(m)|l is expected to grow
nearly monotonically until the interpolation threshold m = n.
Once m > n, the columns of My, (m) are expected to span
the column space of the entire training set (M xq|Myy,) of
the operator M, so each new column added to My (m) will
be linearly dependent on the existing columns, and hence the
norms ||MJ7’. (M) and [|A]l cannot increase and typically
decrease. In this generic case, ||Mfrr a(m)|| is a nondecreasing
function of m until m = n, after which it is nonincreasing.
The common peak in the generalization error at the interpo-
lation threshold is thus understood as the peak in ||Mi} mmll
atm = n.

More complicated generalization curves can be under-
stood by considering whether the next basis vector ¢,
is either linearly dependent (the norm ||M; wmm+ D) <
||M$ A (m)|]) or linearly independent (the norm ||M$ a(m+
D) > ||M2}M (m)||) on the previously modeled terms, i.e., all
those columns already contained in My (m). Regardless of

the ordering of the columns of M, the upper bound
AN < IV o M7l

cannot increase when stepping from m to m 4+ 1 unless the
next column ¢, is independent of the previous columns.
Moreover, this upper bound will almost surely shrink to 0 as
m — 00 as both [M7y|| — 0 and [M%, || — 0.

Of course, one can arrange to add columns to My (m)
in a way that the rank of My (m) grows slower than ex-
pected, permitting the construction of descent curves for ||A||
of various shapes. However, when the columns are sufficiently
general [as, for example, with the random ReLU feature
(RRF) model and the random Fourier features (RFF) model],
the result for ||A| is similar in shape to the standard double
descent curve for mean-squared error, described in Ref. [§],
with a single large peak at the interpolation threshold and
decreasing monotonically thereafter (see Fig. 4).

4. Generalized aliasing A: Mathematical treatment

In this section we give more mathematical details of the
norm ||A|| of the aliasing operator and a proof of Theorem 1.

Tools for analyzing norms. The main tool we use is the
following theorem, whose earliest statement seems to be from
Ref. [30], Theorem 17] (see also [31-33]).

Theorem 2. Let ® be an n x n Hermitian matrix with
eigenvalues ) > ap > --- > o, and let C be a positive
semidefinite matrix of rank 1. The eigenvalues 8y > 8, >
-+ 2= B, of the matrix & = ® + C satisfy

Bizarzph a2 2B, = a,

This theorem immediately gives the corollary that, under
the same assumptions on ® and C, the eigenvalues §; > --- >
8, of D = & — C are below the corresponding eigenvalues of
® and are interleaved according to

ap =28 Zay = 2 a, 26,

Theorem 2 also leads to the following fundamental result
for analyzing the operator norm of the aliasing operator A,
stated here in a more general form.

Theorem 3. Let X be ann x m matrix of rank r with small-
est singular value o, > 0. Let X = [X]|¢] be the n x (m + 1)
matrix obtained by adjoining an n-dimensional column vector
¢ to X. The smallest singular value 0, > 0 of X satisfies the
following relations:

0 < &min < 0y, if rank(X) < rank(X),

0 <0, < Onmin, if rank(X) = rank()~().

Proof. Both XX and XXT are n x n positive definite Her-
mitian matrices. The singular value decomposition of X shows
that the singular values oy > --- > o, > 0 and the eigenval-
ues Ay = --- > A, of XX satisfy

A =012 >k2=0122 2)»,:0,2 >0=Xx41.

Similarly, the singular values 6| > 0, > - - -
A= -- > Ay, of XX satisfy

and eigenvalues

~

M=072h=0y2k =0 >

>

r+1 27
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FIG. 4. The induced (spectral) norm of the aliasing operator A (dashed blue), the aliased parameter error ||Aé,,|| (solid blue), the data
insufficiency parameter error ||Py-0 4|, the model insufficiency parameter error ||I;,0,,]|, and the risk (black) for the RRF model (top row)
and the RFF model (bottom row) on the MNIST and CIFAR-10 datasets, as in Ref. [8], as well as on the Mei-Montanari (MM) sphere [35].
In each case, the models were trained on 1000 randomly chosen training points (vertical dashed black line) with the number of modeled
parameters ranging from 1 up to 5000. Although the aliasing operator ||A|| and aliasing parameter error |A6;,|| both go to zero almost surely
as the number of parameters goes to oo, the full parameter error has contributions from I;,0;, (also decreasing, but slowly) and the data
insufficiency parameter error |P-0 4|, which, though bounded above by ||8||, is nondecreasing. Data insufficiency ||Px60,|| is generally O
until the interpolation threshold, but in the top center panel (and to a lesser degree in the top left panel) it is nonzero before the interpolation
threshold, indicating that the design matrix My fails to be full rank fairly early. Presumably, this happens because ReLU vanishes for many
inputs. The early large decrease in ||A|| in that top center panel could be partly due to adding linearly dependent columns to M4 or to the
(usually much less significant) decrease in ||M,|| as columns are moved from My, into My 4.

where 7,4, = 0 if rank(X) = r, but &,4; > 0 if rank(X) =
r + 1. Expanding XX gives XX = XX + ¢, where o'
is positive semidefinite, so Theorem 2 implies that

AMZAhieZho 2 A 20 2 heyy 2 0.

If rank(f() =r + 1 (i.e., ¢ is not in the column space of X),
then A, = 03 > Ay = Erzﬂ > (. Taking square roots gives
Or > gr+1 = Omin > 0.

If rank(X) = r (i.e., ¢ is in the column space of X), then
the smaﬂest nonzero eigenvalue of XXT is M-, which satisfies
Ar—1 = Ar = Ay > 0. Taking square roots gives Oy = 0, =
o, > 0, as required. [ |

Decomposing generalized aliasing. We are interested in
how the (induced) operator norm

AL = IV Mgl < IV Ml

changes as the model grows, that is, as a new column is
removed from My, and added to My a4, but the training set
(which rows are included) remains unchanged.

As before, assume M is fixed, and My ¢ (m) corresponds
to the design matrix block when the model consists of the
first m columns of M, and My, (m) is the corresponding
unmodeled block. The matrix My a(m + 1) is constructed
by moving one column ¢,,,; from the nescience block into
the design block. The training-set (top) part of the operator M
decomposes as [M7r(m) @, Mpy(m+ 1]

Norm of M. First, consider what happens to
the matrix My, when a column ¢, is removed
from My (m)=[¢, Myy(@m+1)]. Expanding the

product My, (m)Myy (m)"  gives Moy (m)Myy (m)" =
@1 @yt +Mru(m + DMy (m+ )T, Since @,.19],,,
is positive semidefinite, Theorem 2 applies and guarantees
that the norms satisfy |[|Myy(m)| = [|[Myy(m+ 1)||, and
thus the norm ||M,(m)|| is a nonincreasing function of m.

Pseudoinverse of design. Consider now the pseudoinverse
term ||MJ; |l when @, is adjoined to My aq(m) to create
M7 pq(m + 1). Theorem 3 guarantees that whenever ¢, is
linearly independent of the old model [does not lie in the
column space of My (m)], then the induced norm of the new
pseudoinverse is bounded below by the induced norm of the
old pseudoinverse:

IM7ac(m + DY = (Mg ()t

Similarly, when ¢, is linearly dependent on the old model,
then the induced norm of the new pseudoinverse is bounded
above by the norm of the previous pseudoinverse:

IM7 A (m + DF || < IMag(m) ™.

This proves Theorem 1.

Limiting behavior of A. As the number m of model pa-
rameters gets large, the norm ||A|| is dominated by the norm
of the pseudoinverse ||Mﬁ} |- For purposes of this analysis,
assume that the columns of the training-set (top) part of M
are independent identically distributed (i.i.d.) random vectors
@; € R" with finite second moment IE[(pigoiT] = X, where X is
of full rank (rank ).
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The Strong Law of Large Numbers guarantees that

1
ZMTM (m)Mypqg(m)'

1 “ a.s.
- Z ‘Pi‘P;‘r - ]E[‘Pi‘/’;r]
m

i=1
=3

as m — oo. This implies that the smallest eigenvalue of
%MT (MM (m)" converges almost surely to the small-
est eigenvalue Ay, > 0 of . Thus, the smallest eigenvalue of
M7 o ((m)M7 o (m)T approaches miy;, and goes to infinity
almost surely as m — oo. Thus, the smallest singular value
Omin(M) = /Amin(m) of My (m) also goes to infinity, and
this implies | M7 r¢(m)*|| = —— = 0.

Because ||Myy(m)]| is bounded above and decreasing in
m, we have

A = IM7pq(m) T Mg (m)|
< M A () Mg (m)]| =5 0.

In the special case that the columns ¢; are i.i.d. standard
normal and m > n, it is known [34], Theorem 2.6] that
E[owmin(m)] = v/m — /n, so [M7a(m)*|| and [[A(m)|| are
O(m~"'/?) or smaller.

5. Model-data trade-off

Because the data and model insufficiency terms are nonde-
creasing and nonincreasing, respectively, there is an inherent
trade-off between them. To study this trade-off, we introduce
the combined model and data insufficiency error:

IE81% = IPAem@atom I + 1Tt Oueom I, (18)

where we have made the m-dependence explicit. To make
statements about the dependence of the combined insuffi-
ciency errors, we consider two prior distributions for the
distribution of the components of 6.

We first consider the random feature model in which com-
ponents of @ are i.i.d. random variables with mean zero and
variance o2. (Note that the random feature model is sensible
only when the parameter space has finite dimension, otherwise
the norm ||@| would be infinite.) In this setting, the expected
total insufficiency error is

Eo[||E;0]I*] = o*(TrPy + Trly) (19)
= o2(dim N + dim ). (20)

At each step, dim({/) decreases by one, while dim(N\) in-
creases by either zero or one, so for the random feature model,
the expected total insufficiency error is a strictly nonincreas-
ing function of m.

In many ways, the random feature model is unrealistic for
scientific and engineering applications. Modelers often have
prior information about which parameters are most important
and preferentially order the parameter vector to reflect this. In
such cases and for very small m, as m increases there is often
an initial descent of model insufficiency due to the model’s
rapidly increasing ability to capture the signal faithfully. This
is conceptually analogous to reducing bias in the classical

bias-variance paradigm. However, for very large models, the
data insufficiency grows faster than the decrease in model
insufficiency. This growing error for large models is not anal-
ogous to variance and cannot be termed overfitting. Rather, it
reflects the lack of invertibility for large models, specifically,
larger parameter bias as more of the mass of @ is projected into
the kernel A/ of the design matrix My 4.

This phenomenon of growing data insufficiency could be
thought of as a form of overmodeling. It occurs when parame-
ters that are expected to contribute minimally to the signal are
included in the model. To be accurately inferred, such param-
eters place stringent informativity requirements for the data,
amplifying the effects of data insufficiency. This growing data
insufficiency is less of a problem in random feature models,
because all parameters contribute essentially equally, which is
why, as shown in the discussion above about random feature
models and in the examples in Sec. IIID below illustrate
that random feature models tend to have optimal performance
in the asymptotic limit as m — co. However, models that
exploit prior information, so that the ordering of the basis
functions and/or the choice of the training points are physi-
cally motivated, are more likely to suffer from increasing data
insufficiency as the number of parameters grows. Thus, these
models generally have their ideal risk occur in the classical
regime.

III. DEMONSTRATIONS AND APPLICATIONS
A. Random feature models

Although the motivating example in Sec. IT A for the GAD
was focused on one-dimensional polynomials, the GAD ap-
plies much more generally to the problem of fitting a function
f:Q2— Ror f:Q— C for a general set 2. We illustrate
this with examples of two different choices of models applied
to three different datasets. The two bases are random Fourier
Features (RFF) and random ReLU features (RRFs) (described
in Refs. [8] and [35]).

All of these basis functions are of the form ¢,(¢) =
o ({t, vi)), where the v, € R are i.i.d. normal, and o is some
activation function. In the case of the RRF model, the acti-
vation function is the usual ReLU, and in the case of RFF the
activation function is o (x) = exp(imx). The models that result
from using these two choices (either RRF or RFF) can both be
thought of as two-layer neural networks of the form

YO =) 0 t) =D 00 ({t, ve)).
k=1

= k=1

The datasets we use here are images from MNIST and
CIFAR-10 and points from the sphere S¢~'(v/d), as in Mei-
Montanari [35]; we have arbitrarily fixed d = 1024 for this
sphere. In each case, 1000 training points ¢; were drawn
uniformly and evaluated at 6000 basis functions (either
RRF or RFF). The columns of the resulting design matrix
M ¢ and unmodeled block My, are all of the form ¢, =
(Dr@1), - - -, PEn)).

In Fig. 4, we plot the norm of the aliasing matrix A and the
parameter error contribution from each of data insufficiency,
model insufficiency, and generalized aliasing. The risk is also
plotted and each of these terms are displayed as functions of
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the number m of parameters for these models on the three
different datasets. Recall that operator norms ||Pas|| and |||
are always 1 or 0, so we instead plot the norms of the products
IPAr@ ¢ || and || 1140 ||, which are the contributions to param-
eter error due to data insufficiency and model insufficiency,
respectively. We also plot ||A@ ]|, to show the effect of each
part of the GAD on the parameter error.

The GAD decomposition in these examples closely
matches the canonical picture presented in Fig. 2, illustrating
the dominant effect that the aliasing operator has on the non-
monotonic behavior of the full risk. This generic behavior is
because the random selection of additional features (columns
in M) almost surely guarantees that such new features are
linearly independent (on the sample points) from the exist-
ing features up to the interpolation threshold so that the risk
will increase with model complexity. After the interpolation
threshold, additionally added features will be linearly depen-
dent on the existing modeled features, and the aliasing (and
hence risk) will decrease with model complexity.

B. Why call it “aliasing”? Discrete Fourier series

To clarify the name “generalized aliasing,” we turn to an
example familiar in the signals-processing community, the
Fourier decomposition, which we describe here.

For a square-integrable function on the interval [0, T], we
will assume that our training data come from equally spaced
points 0 =t < --- <t,=T. We let w, = exp(2mi1/n) be a
primitive nth root of unity and introduce the Fourier ba-
sis vectors w®) = (w?, ¥

ok, ..., @"~V%) The discrete Fourier
transform is the vector of coefficients f = (fo, f1,..., fu_1)
such that

f= Zf w, Q1)

where the vector f is the vector of the sampled values of
the function f(r) sampled at the specified sample points.
Orthonormality of the Fourier basis in the standard £> inner-
product space allows us to identify the Fourier coefficients

n—1

an_ufz- (22)
n

=0

fo=(w, f)=

In this example (to illustrate the signals-processing version
of aliasing), we select the same number of basis functions n as
training points, that is m = n. The testing points are all other
points in the interval. The design matrix is a variant of the
Vandermonde matrix

1 1 1 1
1 w;l (1);2 . w;(nfl)
1 -2 —4 —2(n—1
MTM:; 1 wy wy Wy b ,
1 w”—(n—l) wn—Z(n—l) a)n—(n—l)2

(23)

and the unmodeled block M, is bi-infinite with n rows and
columns. Since w! =1 for any integer ¢, the unmodeled
block My, is equal to an infinite number of copies of the

design matrix
My = ( ..

Because we have selected m = n, the design matrix is full
rank, and M7\, = M7, Thus, A = M7, M7y and B =
I,. This gives

A:M;IM(...

( L, I, I, )’ (25)

that is, A is a bi-infinite matrix with n rows and infinitely many
columns in both directions, and it corresponds to infinitely
many copies of the n x n identity matrix I,.

This derivation aligns exactly with the traditional concept
of aliasing in the signals-processing literature [36], where the
first column of the £th copy of I, in A corresponds to the
£nth mode of the system, which is exactly aliased to the Oth
mode; the second column of each copy of I, corresponds to the
(¢n + 1)th mode that is exactly aliased to the first mode of the
actual signal, and so forth. Unless the signal is bandlimited, an
infinite number of modes are aliased to each of the modeled
modes. Traditionally, the aliasing effect is not significant be-
cause signals are assumed to have most of their strength in the
lower frequencies; that is, the magnitude of the higher modes
0 is assumed to decay to O rapidly as k — 400, which means
that although A is bi-infinite, its effect is minimal on the actual
representation of the signal.

This mathematical derivation is represented visually in the
left panel of Fig. 5: Although basis functions are independent
over the entire prediction domain, they may make identical
predictions over the sampled subset (red dots). If the true
signal contains contributions from all basis functions, but
only a subset is explicitly modeled, the contribution from the
unmodeled modes is aliased into the truncated representation.

The right panel shows three fits for an artificial dataset
using the Fourier basis. The true signal (black) includes con-
tributions from all Fourier modes (although the low-frequency
modes dominate). The classical sweet spot (blue) only models
the dominant modes and produces a reasonable interpolation.
At the interpolation threshold (red), however, the aliasing
operator magnifies the unmodeled modes, producing large
swings in the model predictions between the training samples.
Beyond the interpolation threshold (green), the additional,
high-frequency basis elements temper the aliasing effects by
redistributing the signal among multiple basis functions. The
result is a rapidly oscillating signal that does not exhibit the
wild swings of overfitting. Although the oscillations in this
inferred signal do not match those of the true signal, they are
statistically similar, leading to reasonable model predictions.

M7y My o).

Mrpy My o) (24)

C. Differential equations

Despite their superficial dissimilarity, it has been rec-
ognized for decades that solution methods for differential
equations are formally equivalent to data fitting problems, as
we see here. A linear ordinary differential equation can be
written as L[u](x) = f(x), where L is a linear differential
operator, u(x) is the unknown function, and f(x) is a given
function, often referred to as the “data.” As an example in this
section, we use the simple case where L[u] = u”(x), which
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FIG. 5. Aliasing occurs when basis functions that are independent over the entire domain are linearly dependent at the sampled points
(left). When fitting a noisy signal (right), the classical sweet spot includes the dominant modes in the signal (blue). Overfitting occurs when
the combined contribution from the unmodeled modes is aliased into the model parameters, producing wild swings in the model predictions
(red). Including additional terms allows the learning algorithm to distribute that signal over several basis terms. The result is a model whose
predictions oscillate rapidly on a scale that is statistically similar to the true signal (green).

describes the transverse displacement of a string under tension
with transverse loading force given by f(x). The fundamental
concepts, however, are much more general than this simple
example.

To solve such equations numerically, many approxima-
tion schemes exist in which u(x) is approximated in some
finite-dimensional subspace, such as with finite-differences,
Galerkin truncation, or a collocation method. In nearly all
cases, the schemes lead to computational problems formally
equivalent to the regression problem described in Sec. I A,
which we now demonstrate explicitly for collocation. Expand
ulx) = Ze O¢r¢(x) in some basis {y,}; the differential equa-
tion then becomes Y _, 0, L[Y¢](x) = f(x). In the collocation
approach, we enforce that this equation is satisfied exactly at
several sample points (training points) x;, so that Llu](x;) =
f(x;) for each training point. If we denote ¢,(x) = L[¥,](x),
these conditions take the form

D ) = fxi), i=1,....n (26)
L

The collocation problem is then to choose basis functions
Ye(x) [and by extension ¢¢(x)] and collocation points x;
such that solving Eq. (26) leads to as small error as possi-
ble throughout the entire domain. This problem formulation
is equivalent to a regression problem and the generalized
aliasing decomposition gives insights into the structure of the
ITOrS.

To make these ideas concrete, consider the specific case of

u’(x) = x, 27)
1(0) = u() = 0,

which has the solution u(x) = (x> — 7%x)/6.

We first solve this problem using a sine basis ¥, (x) =
sin(£x) with 32 uniformly spaced collocation points and 32
validation points uniformly spaced between them. The result-
ing GAD for this problem is shown in the upper left panel of
Fig. 6. Because the Fourier basis is orthonormal with respect
to the uniformly spaced points, the aliasing operator has unit

norm. This scenario is equivalent to the traditional under-
standing of aliasing as presented in Sec. III B, and indeed,
aliasing has functionally no effect on the risk curve. The elim-
ination of A as a factor in the risk arises because this selected
basis is composed of exactly the orthonormal eigenfunction
basis of the Sturm-Liouville problem defined by Eq. (27).

For this specific, well-adapted basis the risk curve has a
weak “U” shape that reflects the trade-off between the data
and model insufficiency. The minimum occurs precisely at the
interpolation threshold where these two contributions to the
error are balanced, demonstrating why the Fourier transform
(and the sine series employed here) are most optimal at the
interpolation threshold. The striking absence of any aliasing
effects is because the basis is optimally adapted to the sam-
pling points. However, this result is sensitive to many aspects
of the problem formulation, as we now explore through the
lens of the generalized aliasing decomposition.

Moving horizontally across the top row in Fig. 6, we ex-
plore the sensitivity of the solution to the choice of collocation
and validation points. If the sampling points (training and val-
idation) are weakly perturbed from uniform spacing (top row
and middle), aliasing emerges around the interpolation thresh-
old along with the characteristic double descent peak. Because
the exact solution is continuous, the Fourier series converges
rapidly, corresponding to a rapidly decreasing model insuf-
ficiency || I;40||. However, the aliasing contribution ||Af| to
the parameter error (and hence to risk) is large. Consequently,
the optimal solution is no longer at the interpolation threshold;
it occurs at the classical sweet spot. In this case, the minimum
is to the left of the interpolation threshold rather than to the
right, because the basis is ordered with dominant terms first.
Consistent with our analysis in Sec. IICS5, the asymptotic
limit is suboptimal due to data insufficiency.

The second row of Fig. 6 shows the results for a cubic
b-spline basis with 65 uniformly spaced knots throughout the
domain. We omit the two basis functions that do not satisfy
the boundary conditions for a basis of 64 functions. Because
there is no natural ordering, we randomly shuffle the basis
functions, making the model equivalent to a random feature
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FIG. 6. Generalized aliasing decomposition for numerical solutions to the differential equation (27) using different bases and sampling
schemes. In each case, there are 32 collocation (training) points and 32 validation points. The dashed vertical black line marks the interpolation
threshold. In the first column, the sample points (collocation and validation) are uniformly spaced. Moving to the right, the sample points are
increasingly perturbed by a random amount. The first row is a Fourier-sine basis. Because these basis functions are orthonormal at the uniform
points, the norm [|A|| of the aliasing operator is essentially constant in the upper left panel, but as the sample points are perturbed, the basis
functions move away from being orthonormal and aliasing increases near the interpolation threshold. The second row corresponds to a basis
of cubic splines. These have fairly narrow, compact support, so the basis functions are close to being orthogonal on all the sample points,
keeping the aliasing small across the row, but the small support means model insufficiency ||I;,0;|| drops off much more slowly than in the
Fourier case, and it also causes the data insufficiency ||[Pa0| to become significant long before the interpolation threshold. The bottom row
corresponds to higher-order splines. These have support across the full domain, which makes for nontrivial aliasing for all the different choices
of sample points, but the data insufficiency is very small until the interpolation threshold. These high-order splines are also highly localized,
which means the model insufficiency ||I;,6,,|| drops off more slowly than in the other rows. See Sec. III C for more details about this example.

model. Moving horizontally across the second row of the
figure shows the GAD for the same choice of sampling points
as for the Fourier basis.

In all three cases, notice that the contributions from aliasing
are absent. This is because the basis functions have relatively
small compact support, which strongly limits their ability to
alias with each other. We observe similar results for other
choices of bases with relatively small compact support, such
as Haar wavelets. However, unlike the other rows, in this basis
data insufficiency |[Par@a¢|| becomes nonzero long before

the interpolation threshold. This is also at least partly due
to the relatively small compact support—the basis functions
are each zero throughout most of the domain, so they have a
nontrivial null space for our choice of sampling points. This
phenomenon is similar to that observed for the random ReLU
basis on CIFAR-10 in the upper middle panel of Fig. 4.
Finally, on the bottom row we apply another b-spline basis
of 65th-order polynomials. As before, we remove the two
basis functions that do not satisfy the boundary conditions
and shuffle the remaining basis functions. While these splines
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are technically continuous and nonzero throughout the entire
domain, each basis function is strongly peaked around a small
portion of the domain. In this case, we see some contributions
from aliasing before the interpolation threshold, but it is not
as prominent as with the Fourier basis and is essentially inde-
pendent of the choice of sampling points.

In general, a similar analysis can be applied to other dif-
ferential operators, including partial differential equations.
Indeed, the effects of aliasing (and the need for dealiasing) are
well known in the simulation of nonlinear partial differential
equations (see Ref. [37] for the original reference or Ref. [22]
for a more thorough discussion). The current decomposition
applies there as well, and some results are also known for
nonlinear equations, as we now summarize.

The generic setup for a quadratic nonlinearity would be of
the form

dy

7 yoy,

where © is the Hadamard (entrywise) product. In this setting,
the labels y denote a spatially and temporally dependent func-
tion described by the basis functions in the design matrix M,
i.e.,y = M@. To solve this system, we note that the differential
equation can be written as

M0 ~ (M6) © (M6),

where the dot refers to the time derivative. If the entire basis
M could be used, then the solution is obtained by multiplying
on the left by the appropriate pseudoinverse M. In reality, all
of M is not available, and so we decompose the system just as
before, leading to a term on the right-hand side that resembles
the aliasing operator, but now with a quadratic dependence
on the unmodeled terms My, which leads to a famous “3/2
rule” for pseudospectral methods [37].

D. Material discovery: Cluster expansion

As a final example we consider the cluster expansion (CE),
an extremely efficient model for prediction of material phases.
For a gentle but thorough introduction to the formalism, see
Ref. [38]. In brief, the cluster expansion model is a gener-
alized Ising model [39-46] that in typical applications has
hundreds to thousands of data points and a dozen to hundreds
of inferred parameters. The prototypical application of the
cluster expansion is predicting the formation enthalpy of an
alloy as a function of elemental composition and configuration
o. Equation (28) is a sum over different bonds (pairwise,
three-way, etc.) for every site in the crystal, an intuitive ex-
pression of physical chemistry.

pairs

EG@)=Jo+ Y hé&E+ Y > Itk
i B i

triplets quads
+ YN hEEE A Y)Y LEEEE + -
Y iLjk vood gkl
clusters
= Y JuDu(5), (28)

where the “bond” indices run over all the possible sites, pairs
of sites, triples, and so on. The J’s are the “bond strengths”
(inferred parameters, analogous to the fs in the notation
above). G is a vector of integers, the ith component represent-
ing the type of atom sitting on the ith lattice site. The products
of £(&) functions [47] form an orthogonal basis {®,}, in the
discrete vector space of all possible atomic configurations.

This model has a physically intuitive interpretation as
representing chemical bonds between groups of atoms. For
example, a product of two functions, &;£;, represents a pair-
wise interaction between atoms on sites i and j. The strength
of the interaction is the magnitude |J;;|, and the sign of J;;
determines whether like or unlike atoms prefer to be ij-
neighbors.

The CE interactions J, are typically inferred from
quantum-mechanical energies. There are no obvious strategies
for picking which alloy configurations to include in the train-
ing set. As to this question—the horizontal partitioning of M
[deciding which rows of M should be in My and which
should be in Mp ¢ in Eq. (8)]—one often included the “usual
suspects,” configurations that often occur in actual alloys, but
this rarely provides enough information to generate a model
with small generalization error.

Choosing which basis functions to include in the model is
even more difficult; it is difficult to know which physical inter-
actions are negligible. [The vertical partition of M in Eq. (8)
divides the important interactions from those that are assumed
to be negligible.] Many different strategies to address these
two challenges have been employed in the CE community
[38,43-45,48-55].

Using the generalized aliasing decomposition, CE practi-
tioners can now reason more effectively about how to make
these two difficult choices—which configurations to sample
and which basis functions to include in the modeling. Further-
more, the GAD elegantly explains the complex risk curves of
a typical alloy system (see, e.g., Fig. 7). One can enumerate
all possible configurations (up to some maximum number of
atoms) [56-58], identifying all the rows of the universe matrix
M for this problem. (In principle, the number of rows is count-
ably infinite, but under mild assumptions, one can enumerate
all configurations up to a size that effectively includes all
configurations that are likely to appear in nature.) It is also
feasible to determine a complete set of basis functions [40]
for the enumerated configurations [59].

We demonstrate in the following study of a Pt-Cu alloy.
Choosing a realistic model size, we explain the resulting
generalization curve through the lens of the GAD. A binary
alloy model containing up to ten unique atomic sites has
2346 unique configurations [60]. Figure 7 shows the norms
of the aliasing matrix, the model insufficiency, and the data
insufficiency as a function of increasing basis size for a fixed
number of training points.

Unlike the Fourier example, where a natural ordering is
obvious, in this setting the “right” ordering is not clear. At
first, we impose no assumptions about natural ordering to
either the data or the basis function parameters, randomizing
rows and columns of M. This is similar to the random feature
models in Sec. III A. The risk behavior (left panel of Fig. 7)
exhibits the prototypical double descent. Before the interpola-
tion threshold, the behavior of the risk curve is the expected
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FIG. 7. Norm of the operators and true risk (black) of the cluster expansion model of Sec. III D as model complexity is increased (i.e., as
parameters are added) with 600 training points. The interpolation threshold is indicated by a vertical dashed line. The yellow at the top of each
panel is an indicator function that is high when the added basis function is linearly independent of the previous columns (restricted to training
points) and low when it is linearly dependent. In the left panel, rows and columns of M have been randomly ordered. In the right panel, the
rows and columns of the design matrix are given a “natural” ordering, resulting in multiple peaks (indicated by dash-dot vertical lines) and
valleys for the risk and aliasing. Note also how the data insufficiency ||Pr0 || becomes significant only at the interpolation threshold for the
random ordering, but it becomes significant long before the interpolation threshold in the natural ordering.

U-shape of the classical bias-variance trade-off. And beyond
the interpolation threshold, the risk drops again. As predicted
in the random feature discussion in Sec. II C 5, the lowest-risk
model is not at the classical sweet spot but in the asymptotic
limit as m — oo.

However, cluster expansion practitioners do have some
intuition about the natural order for the sample points and
basis functions. In their preferred ordering for cluster ex-
pansion, pair-wise interactions precede triplet interactions,
and all triplet interactions come before any quadruplets, and
so forth. Furthermore, the terms are ordered in each class
by diameter—short pairs before long pairs, small-diameter
triplets before extended triplets, etc. This ordering is moti-
vated by physical arguments that the strongest interactions
are short-range and low-body order. For the ordering of the
sample points (atomic configurations and defining rows of M),
there is the coarse guideline of ordering by “size,” denoted by
the number of atoms in each configuration, but within each
size class a natural ordering is not obvious.

This natural ordering of n-body/short-long was used to
arrange columns and rows in M for the risk curve shown
in the right panel of Fig. 7. The aliasing ||A|| and the risk
move essentially in unison and show a complicated behavior,
neither the typical U-shape of classical bias-variance trade-off
nor the basic double descent. Rather, the generalization curve
has multiple peaks and valleys, whose positions correspond to
locations where added basis functions transition from linear
independence to linear dependence (marked by the yellow
“indicator function” at the top of the plot). Vertical dash-dot
lines are included to clarify the connection between peaks in
the operator norm |[A|| (dashed blue) and peaks in the risk
(solid black). Surprisingly (for the bias-variance paradigm),
the interpolation threshold does not seem to play any role in
the generalization curve for this naturally ordered case.

The peaks in the operator norm [|A|l for the naturally
ordered case (right panel of Fig. 7) suggest a simple im-
provement to ordering the columns of M. The aliasing norm
suggests that the lowest generalization error will happen

around the 50th parameter or near the 300th parameter. Be-
tween these two, there is a group of parameters that drastically
increase the aliasing (and likely the error as well). By reorder-
ing the first 500 parameters, swapping the high-risk group
with the group in the second “valley,” the empirical risk will
have a deep, broad valley for the first few hundred parameters.
This gives practitioners a generous range of model sizes that
avoid unexpected spikes in the empirical risk.

Finally, note also that for the naturally ordered case, the
optimal risk occurs at a classical “sweet-spot,” with a low
number of parameters, and is better (lower) than the optimal
risk in the randomly ordered case, which occurs in the asymp-
totic limit as the number of parameters grows large.

IV. DISCUSSION

We have demonstrated the utility of the GAD for explain-
ing complicated, nonmonotonic risk curves in a variety of
different settings. Now we turn our attention to using the GAD
for improved model development and the pursuit of more
efficient and accurate representations of the data. We will
discuss the impact this decomposition has on modeling and
sampling decisions, and the influence those decisions have on
the shape of generalized risk curves.

A. General insights into modeling

The formal analysis provided above, as well as the exam-
ples demonstrating the GAD, give practical, intuitive guidance
for formulating models that we discuss here.

1. Choosing the basis

If the n training points are known and fixed, a modeler
can control the norm of M} v and A (and hence generically
control the magnitude of the risk) by strategically choosing the
basis functions, without knowing anything about the labels y.

For example, consider what happens when we choose the
first n basis functions ¢y so that, when evaluated at the points
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ty,...,t,, the resulting vectors @, = (¢r(t1), ..., ¢(t,)) are
orthonormal. If the columns of My, are the first m < n
of these vectors, then the inverse M} ¢ always has induced
norm ||M47'- |l = 1. In this situation, the norm is constant as
m increases up to n, and then for m > n, no matter which
additional columns are added, the norm ||Mi} |l cannot in-
crease and will eventually shrink to O (almost surely). Thus,
the product ||M;C 1M || in the upper bound

AN < IMZ o M7l

on the norm of A also can never increase with m. Given a
prior on the coefficients @, if the basis functions are ordered
to reflect the expected magnitudes of the corresponding co-
efficients, then we expect there to be no peak in ||Af| at
all—only descent.

In the discrete Fourier series example of Sec. III B, the
norm of A is always 1 and does not decrease to O because
the columns of M are specially tuned to the training set to
make My, consist of infinitely many copies of My . This
aligning of the basis functions to sample points explains why
extreme overfitting is rarely a problem in discrete Fourier
transforms, in spite of it being formally equivalent to ordinary
least-squares regression at the interpolation threshold.

2. Choosing training points

If the basis functions are given and fixed, but the modeler
has control over the choice of the training points, then they
can control the norm ||A || by strategically choosing the points
ty,...,t,. Again, this requires no knowledge of the labels y.

For example, consider the case of fitting polynomial
functions on the interval [—1, 1] with the Legendre basis,
consisting of polynomials {P;};en that are orthogonal with
respect to the inner product (f, g) = f_ll f()g(t)dt, with Py
of degree k and P;(1) =1 for all k. For a given number m
of model parameters (the first m Legendre polynomials), if
we are able to choose n points at which to evaluate the basis
functions, then choosing the points to be the n Legendre-
Gauss points, which are the zeros of P,, gives much better
results than choosing the points randomly (drawn uniformly).
This is shown in Fig. 8, where the randomly chosen training
points make ||A|| many orders of magnitude larger than with
the specially chosen Legendre-Gauss points. In this case, a
judicious choice of training points makes a huge difference to
[IA]]. Except for very special choices of #, this means the risk
[Eq. (16)] will also be substantially larger when the model
is trained on random points than when it is trained on the
specially chosen Legendre-Gauss points.

3. Conditioning of M

If M is poorly conditioned, then it is possible to have a
relatively small error E¢f in the parameters that corresponds
to a large error in the signal (large risk). Thus, it is desirable
to select a basis that makes the full transformation M well
conditioned.

For polynomial approximation with the standard monomial
basis {1,¢,72,...}, the transformation M is a generalized
Vandermonde matrix, which is very badly conditioned and
generally should not be used with real-valued inputs [61].
However, polynomial approximation for real inputs in the

Legendre Basis on [—1, 1]
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FIG. 8. The induced norm ||A| of the aliasing operator for the
Legendre polynomial basis with the model consisting of the first
m = 100 Legendre polynomials. The norms are plotted as functions
of the number n of training points, and the vertical black line indi-
cates the interpolation threshold (note that this is inverted from the
plots in the previous figures where 7 is fixed and m is variable). The
solid blue shows the norm of the aliasing operator when the training
points are chosen randomly (drawn uniformly from [—1, 1]), while
the dotted blue shows the norm of the aliasing operator when the n
training points are chosen to be the Legendre-Gauss points (the zeros
of the nth Legendre polynomial). The norm ||A|| for randomly chosen
training points rapidly grows to be many orders of magnitude larger
than for the Legendre-Gauss points.

interval [—1, 1] is well conditioned with the Chebyshev poly-
nomial basis or the Legendre polynomial basis.

B. Regularization

It has been observed that L? regularization (ridge regres-
sion) generally reduces the size of the peak in risk at the
interpolation threshold, but it can also increase risk elsewhere
along the curve [35,62,63]. This can be understood in terms
of the impact of regularization on the GAD and the pseudoin-
verse of the design matrix.

For a given decomposition ® = M @ U of the space
® with m =dim M model parameters, ridge regression
amounts to changing the objective from minimizing risk to
minimizing

1
~lly — M7l + 210113, (29)

where n is the number of training points and A is a user-
chosen parameter. It is straightforward to verify that the
objective to minimize with L, regularization can be written

L~ < 2 ~ MM ~_
as |y — M7am0nmlly, where My = [MI,,,] andy = [0].
This changes the GAD to to

B - IM_Mj[_‘MMTM _M;MMTM
0 0 Iy ,

so aliasing A becomes A =1\7[} M7y, and data insuf-
ficiency Py- becomes Py = Iy — MT, My, while Iy
remains unchanged. Expanding the product

M7 (MY = My MY + 1,

043268-15



TRANSTRUM, HART, JARVIS, AND WHITEHEAD

PHYSICAL REVIEW RESEARCH 7, 043268 (2025)

shows that every eigenvalue of My M;- A 18 now increased
by nA in this product. Therefore, the singular values of M4
are all increased by +/nA in M4, and

1
1 /

Ao T VI

Mt 1

1+ VA My Tl Wk

This bound is independent of both m and My, and it
essentially removes the impact of any small singular values
of My on the norms of M;C v and A. This explains why
there is no significant peak in the risk at the interpolation
threshold (or anywhere else, for that matter) for L,-regularized
(ridge regression) problems, provided A is sufficiently large.
If Vi > IM7|l, then the norm of A is smaller than the
norms of data insufficiency and model insufficiency, which
then dominate the parameter error.

The contribution ||Pxr@ 4| of data insufficiency to param-
eter error, however, can increase with regularization because
it is no longer the projection of 6, onto the null space N of
My aq or M54 but instead is

IPAO AN = [ (Tpg — M Mra)0 a4l

When A is large, the fact that ”M;M Mrupml < Mﬂ means

that the data insufficiency operator approaches I, and the
contribution to parameter error from data insufficiency ap-
proaches /0|, which is generally larger than the projection
[PA-0 A1l onto the kernel N of My p.

Nevertheless, the norm of P, while no longer necessarily
bounded by 1, is still bounded by

IMT 0l =

M7 pql

Pl < 1+
= A nA

C. How to think about the unmodeled signal My,?

The fundamental ansatz of generalized aliasing is the de-
composition in Eq. (8) that decomposes the signal into both
modeled and unmodeled components. Our conception of un-
modeled signal is similar to “noise” as understood in classical
and modern statistics. Indeed, in comparing Egs. (1) and
(10), the unmodeled modes naively correspond to the noise
in classical regression. This decomposition may initially seem
unnatural since any unmodeled components are unknown and,
consequently, difficult to reason about. For some readers, this
decomposition may seem an unnecessary introduction at best
or an untractable complication at worst. However, the concept
is useful for distinguishing nuances in the modeling processes
that are obscured by the traditional conception of statistical
noise.

First, the heart of the GAD is recognizing that model rep-
resentations are embedded within a universal function space.
This way of thinking is strongly motivated by signal process-
ing, in which a signal is often assumed to have contributions
from all modes, even if only a subset can be extracted from
a finite sampling. This enables us to quantify the trade-off
between the modeled and the unmodeled contributions and
their relative informativity. In this way, the GAD naturally
quantifies the intuition that as the model capacity grows,

unmodeled signal necessarily shrinks. In contrast, in the clas-
sical formulation, noise is modeled as a random variable
whose scale parameter is not necessarily tied to the complex-
ity of the model except as a tunable hyperparameter. Thus,
by quantifying the trade-off between the modeled and the un-
modeled, we quantify the informational relationship between
the data and the model.

Furthermore, recognizing the unmodeled allows flexibility
in solving problems where random variables are not the nat-
ural representation. For example, approximating the solution
to differential equations is formally equivalent to regression.
However, considerable information is known about the ana-
lytic nature of these solutions, and it is often more natural to
represent the unmodeled piece as another continuous signal
from a set for which there is no natural measure. In many
applications, such as robust control, one is interested in worst-
case scenarios. In such cases, one takes the extremal case
over the allowed set of unmodeled signals rather than an
expectation value over a random variable.

Finally, our conception of unmodeled signal encompasses
any limitations in representing either models or data. Some-
thing as insipid as finite-precision arithmetic is a form of
unmodeled signal that is not commonly equated with sta-
tistical “noise.” For example, consider the representation of
a bandlimited signal. The Fourier sampling theorem guar-
antees its finite Fourier representation can be reconstructed
from finite samples. And when the signal is sampled at
generic, random points with an infinite-precision representa-
tion, such a signal can still be exactly reconstructed. In finite
precision, however, the represented signal is no longer ban-
dlimited: Round-off error introduces small, high-frequency
contributions. Even if the high-frequency components intro-
duced by the finite precision are bounded, aliasing greatly
magnifies their impact on the reconstructed signal, and the
ill-conditioning of the aliasing operator leads to large errors
in the inferred signal.

This final point reflects a much deeper philosophical issue
when modeling data, which we summarize as fidelity and
sensitivity to representation. The concept of fidelity can be
understood as the extent to which a representation is faithful
to the real physical process. Again, consider the example
of Fourier analysis. The utility of Fourier representations is
often attributed to the fact that smooth functions have rapidly
decaying Fourier series. Consequently, a truncated Fourier
representation of a smooth signal is faithful to the truth, in
the sense that they are nearby in Fourier space. Although the
truncated series is formally wrong, its representational error is
bounded.

In contrast, it is often possible to apply inaccurate ap-
proximations to models that nevertheless make accurate
predictions. When this occurs, a model exhibits insensitiv-
ity to the representation. Arguably, the most famous and
important example of this is the concept of irrelevance
in renormalization in statistical physics. In renormalization,
approximations are made not because they are accurate but be-
cause they do not affect observables of interest. In Kadanoftf’s
block-spin renormalization of the Ising model, groups of
spins are aggregated into a single block spin; that is, they
are approximated as being perfectly correlated. While such
approximations are inaccurate for modeling spin correlations,
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they lead to good approximations of phase transitions. The
details of microscopic correlations are said to be irrelevant
to macroscopic observables. On the other hand, the phase
diagram is very sensitive to the so-called relevant parameters,
such as the applied field or temperature. Small variations in
these variables significantly impact the macroscopic order
parameter.

The concepts of relevance in renormalization and sen-
sitivity to unmodeled signals in generalized aliasing have
conceptual similarity. A Fourier representation reconstructed
from uniformly spaced samples is useful, not only because it is
dominated by low-frequency modes, but also because the re-
constructed signal is insensitive to high-frequency, unmodeled
contributions. In contrast, Fourier series from random samples
exhibit strong sensitivity to unmodeled modes that distort the
coarse trends in the reconstructed signal. In the language of
renormalization, high-frequency modes are irrelevant for uni-
form samples, but random samples render the high-frequency
modes relevant.

More recent work has informed similar conclusions about
the general nature of predictive modeling. Within the for-
malism of so-called sloppy models, microscopic details of
complicated, multiparameter models can be safely ignored
because observables of interest are insensitive to large vari-
ations in these parameters [4,7,64]. Indeed, it has been found
that many useful approximations may be derived by taking
parameters to extreme values [65]. Even more fundamentally,
evolutionary psychology has shown that psychological rep-
resentations that maximize fitness are often not faithful to
physical reality [66]. That is, human psychological represen-
tations of reality may be dictated more by the sensitivity of
evolutionary fitness to the representation than by fidelity to
reality. All of this suggests that when building a physical
model, sensitivity to the unmodeled must be accounted for at
least as much as fidelity to known physics.

D. Outlook

Successful model building involves numerous technical
decisions related to the selection of model class, experimental
design, learning algorithm, regularization, and other factors
that can strongly impact the model’s predictive performance.
Best practices are more often art, tuned to experience, rather
than science guided by formal reasoning. The generalized
aliasing decomposition [Eq. (17)] facilitates reasoning about
key modeling decisions in a way that is both formal and
intuitive. In the context of linear regression, the approach is
fully rigorous while imbuing practitioners with intuition about
model performance in both the classical and modern regimes.
Because the aliasing operator norm can be computed without
knowing labels, practitioners can also make informed choices
about data collection and experimental design for target appli-
cations.

Although our formal analysis has been restricted to lin-
ear regression, there are reasons to be optimistic that the
core approach generalizes to the nonlinear regime. First,
the concepts of aliasing and invertibility (or projection to

the kernel) extend formally to nonlinear operators and can be
approximated through local linearization. Furthermore, many
cases of practical importance may be tractable in the present
framework. Results for weak, quadratic nonlinearities already
exist for pseudospectral methods in partial differential equa-
tions [37]. Neural tangent kernel techniques demonstrate that
wide networks are linear in their models throughout training
[67]. In addition, information geometry techniques applied to
large, sloppy models have shown that most nonlinearity is
“parameter effects” and removable, in principle, through an
appropriate, nonlinear reparametrization [68].

An important open question is: Under what conditions
is the asymptotic risk less than that of the classical “sweet
spot”? The preceding analysis has sharpened that question
to: When will data insufficiency be larger than the error at
the classical sweet spot? While this remains an open question
in general, we have begun to explore it for two broad cases.
Random feature models, such as in Fig. 4, but presumably also
neural networks and other machine learning models, often do
not exhibit large data insufficiency and are generically most
effective in the overparametrized, modern regime. In contrast,
we have argued that physics-based models are most effective
in the classical regime, where they leverage prior knowledge.

Framing the question in this way clarifies why classical
statistics historically missed these interesting phenomena, in
spite of the essential elements being known to diverse commu-
nities for decades [13]. It also apparently partitions predictive
modeling into two philosophically distinct camps: physical
models using classical statistics and unstructured models in
the modern, interpolating regime. In our cluster expansion
example, the former approach gave the model with the least
risk. Although perhaps expected, as physics-based modeling
leverages prior information, this benefit comes after consider-
able effort from the materials science community. However,
it remains unclear whether these are inherently irreconcilable
philosophies or two points on a broad landscape just begin-
ning to be explored.

Indeed, our work demonstrates how the theoretical and
technical challenges posed by modern data science overlap
with those in other fields, including signal processing, control
theory, and statistical physics. We hope that the perspectives
advanced here will inspire theorists and practitioners alike to
better understand and leverage the relationship between data
science and the broader scientific milieu.
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